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Abstract. Numerical computations are presenGd on tlte energy levels of the Ef* ion in crystalline fields
of cubic, trigonal, tetragonal and orthorhombic symmetry. Zeeman splitting factors were obtained from
the level splitting in an additional magnetic field. For the quartet f, states in cubic symmetry the Zeeman

effect is described by an effective Hamiltonian ./f= gprBJ I up"BJ3 with the parameters g and u
calculated for mixed fourth- and sixth-order potentials. For the eight doublets in the lower symmetry of
an axial trigonal or tetÍagonal crystal field the principal g teÍrsor components 8rr and 8r were calcu-

lated. The results of such calculations for a ground-state doublet can exactly account for the experi-

mental data obtained on around 70 erbium centers in various crystalline hosts. However, sometimes diÊ
ferent sets of parameters give comparably good results. An empirical rule of constant trace gr + 29, is
supported by the calculations. In contrast to analytical treatÍnents the effect of the crystalline field can

be followed over a continuous Íange of the crystal field parameters. This allows one to establish rela-

tions on the relative sigrs of tensor components. It is found that the measured trace of tensors lC, I + 2lgrl
is not always equal to their real tÍace g, I 2gr. ln an exploratory calculation a nonaxial center was

simulated in an orthorhombic field, with calculation of the three principal values g,, g, and g,. A good

agreement is obtained for the recently reported g values of an erbium center in silicon.

I Introduction

Magnetic resonance has provided valuable knowledge on the atomic and electronic
structure of rare-earth impurities in crystalline hosts, such as in elemental and com-
pound semiconductors. The spectroscopic information obtained by recording the

angular dependence on magnetic field direction is commonly arnlyzed in the spin-

Hamiltonian formalism. In the Hamiltonian as typically required, e%: p"BgJ + JAI,
the first term represents the Zeeman energy of the spin ./ in the magnetic field B,
whereas the second term gives the hyperfine interaction energy with isotopes of
nuclear spin 1. By analyzing the experimental data the Zeeman splitting or g ten-
sor and the hyperfine interaction tensor l, which commonly serve as a unique
characterization of the spectrum, are determined. For the case of erbium, the iso-
tope r67Er has the norzero spin 1:712 and is present with the natural abundance

of 23Yo. For erbium, therefore, the structure of eight hyperfine satellite lines, to
first order symmetrically displaced with respect to thê central line of the 1: 0

isotopes and with an intensity of 3.7Yo of the central line, is expected. Observation
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Table 1. Principal g values of Ef* spectra in various semiconductor and insulator host crystals.

Host Symmetry Principal g values Trace of g Reference(s)

Isotropic
GaAs
ZnS
ZnSe
ZnSe
ZnTe
CdTe
CaF,

SrF,
SrF,
BaF,
cdF2
Tho2
CeO,

Axial
Si
Si
Si
InP
ZnS
ZnS
ZnTe
ZnTe
CdS
CdS
CdTe
Mgo
CaO
CaF,
CaF,

CaF,
CaF,
CaF,
CaF,
CaF,
CaF,
CaF,

CaF,
CaF,
SrF,
SrF,
SrF,
BaF,
BaF,
Tho2
LaCl,

cubic
cubic
cubic
cubic
cubic
cubic
cubic

cubic
cubic
cubic
cubic
cubic
cubic

= trigonal
trigonal
trigonal

axial
axial
axial

trigonal
trigonal

axial
axial

trigonal
tetragonal
tetragonal
trigonal
trigonal

trigonal
trigonal
trigonal
trigonal
trigonal
trigonal

tetragonal

tetragonal
tetragonal
trigonal
trigonal

tetragonal
trigonal

tetragonal
tetragonal
trigonal

o6
5.92
5.926
5.950
5.925
s.931
5.941
6.785

6.77 5

6.803
6.7 55

6.7 6

6.7 52

6.7 59

8rr

0.45
0.69
2.00
s.699

12.33

2.423
r.245
4.066

tt.4t5
3.240
4.30 r

12.4

4.730
3.672
3.30

2.206
2.tgs
2.183
6.31

10.29

t0.77
7 .78

7 .465
t.746
6.179
2.t47

10.04

5.94
5.908
3.462
r.989

8t
=3.34

3.24
6.23

5.954
2.8t
8.771
9.469
8.068
r.67 5

8.019
7.919
0.5

7 .86

8.27
8.54

8.843
8.828
9.015
2.14
1.47 5

I .561

6.254

6.t
9.t6
7.054
8.91

4.632
7 .13

7 .4ll
7 .624
8.7 57

17.76 48, 52, 53, 58

17.778 26, 33, 50
17.850 30, 33, 50, 54

t7 .77 s 26
17.793 26, 33, 36, 50

17.823 26, 33, 36, 50

20.355 6-8, 14, 16,
20, 22, 25, 28,

41, 42,
20.325 35,42
20.409 27

20.265 27
20.28 t2, t7
20.256 18, 20
20.277 20

7.13 l
7.17 1,2

14.46 l, 2

t7 .607 49, 53

17.95 33, 50
t9.965 33, 50
20.183 36, 50
20.202 36, 50

14.765 33,50
19.278 33, 50

20.t39 36
t3 .4 15

20.4s 13

20.2t2 47
20.38 14, 25, 28,

41, 42, 5l
19.892 t4, t6
19.841 22, 28, 42
20.2t3 t7
10.59 16,28
13.24 28, 42
13.892 42
20.288 6-8, 14, 16,

22,25, 28, 41,
42, 47

t9.665 47
20.066 14, 28, 47
20.287 27, 35, 42
19.967 42
t9.304 35, 42
20.20 27
20.730 t7
18.710 l8
19.503 5, 7, 24
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Table I (continued).

Host Symmetry Principal g values Trace of g Reference(s)

LiYF4
KMgF,
KMgF,
KMgF,
KZnF.,
CaWOo

SrWOo

BaWOo
CaMoOo
SrMoOo
PbMoOo
LiNbo3
Lar_"Sr"CuOo

YES"
LaESb

Nonaxial
Si
Si
Si
Si
GaAs
GaAs
ZnSe
LurGarO,,
YrGarO,,
LurAlrO,,
Y3AI5Or2

tetragonal
trigonal
trigonal

tetragonal
trigonal

tetragonal

tetragonal
tetragonal
tetragonal
tetragonal
tetragonal
trigonal

= axial

trigonal
trigonal

monoclinic-I
monoclinic-I
monoclinic-I
monoclinic-I
orthorhombic
orthorhombic

= trigonal
orthorhombic
orthorhombic
orthorhombic
orthorhombic

3.r37
4.216
4.394
2.682
4.390
t.251

0.86
1.t64
t.176
I .019

1.195

15.13

1.3

1.50

1.47

8t 8z
0.80 5.45

0.80 5.45

l .09 5.05
1.36 9.65
0.8 0.8

2.8 2.8

0.57 8.877
3.r83 3.183
4.69 4.03
6.93 4.12
7.7s 3.71

8.105
7.886
7.08
8.362
7.813
8.401

8.47
8.62
8.55

8.43

8.45

2.14
9.3

8.77
8.85

Et
12.60

12.55

t2.78
7 .91

t5.4
16.4

12.032
t2.62
t0.73
8.43

7 .35

l, 56, 57

l, 2, 56

l, 2

I
58

58

54

ll
9, ll
ll

9, ll

19.347 40, 44, 46
19.988 39, 45

18.554 39

19.406 39
20.016 43

r8 053 to\l,tiJ,tïi''

17.80 38

18.404 37, 38, 40
18.276 34,38
17.879 29, 34, 37, 38
18.095 19, 34, 39, 40
t9.41 55
19.9 H. Shimizi, pers.

commun.
19.04 23

19.17 3, 4, 23

18.85

r 8.80
18.92

18.92

t7 .0

22.0
2t.479
r 8.986
t9.45
19.48

18.81

" YES: Y(C'H'SO4)3.9HrO.
b LaEs: LalcrH5so4)3. 9H2o.

of such hyperfine structure in the electron paramagnetic resonance (EPR) spectrum
allows unambiguous identification of the erbium impurity. Unfortunately, due to the
low abundance of the isotope the weak hyperfine lines are not always observable.
For instance, this has been the case for recently described erbium centers in silicon

ll, 2]. ln this case the identification in magnetic resonance must rely on the Íine
structure tensor g of the Zeeman splitting. In order to assess the effect of a mag-
netic field on the paramagnetic rare-earth ion its electonic state as created by ttre

sfonger Íields, i.e., firstly the spin-orbit interaction and secondly the crystal field,
must be well known. The subject of this paper is the derivation of the g tensor of
erbium centers in crystal fields of various symmetries. Energies of states are calcu-
lated with and without a magnetic field applied. Due to the high value of the elec-
fton spin and the complexity of the interactions, exact analytical solutions are resticted
to some special cases only. Therefore, the calculations were carried out fully numeri-
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case gll : gt: 6 for f, states

cally. Reference is made to analytical solutions based on exact teafrnent or approxi-
mate perturbation methods when available. Over the last 40 years the EPR specfum
of the erbium ion as an impurity in several crystals, either in isolated form or as

part of a complex, has been reported t1-581. In the experiments the energy differ-
ence between Zeeman levels is measured and the g value is calculated as a positive
number from the resonance condition hv: gtr.r*p, with hv the microwave quantum.
Only in an exceptional case the sign of g values was determined in a dedicated
experimental setup [59]. Following this practice the principal spectoscopic param-
eters from experiment are given in Table I as positive. The g tensor data for isotro-
pic and axial centers are as well represented in Fig. l.

2 Method of Calculation

2.1 Spin-Orbit Interaction

For rare-earth ions the magnetic properties are dictated by the electrons in the
incompletely filled 4f shell. For Er3*, with the configuration 4frr, the orbital

o
ttA

I
o

t 9tt= 9r

cubic
trigonal
tetragonal
axial
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momentum is Z : 6 and the electron spin is S:3/2. By the spin-orbit interac-
tion ),LS these states group into four levels with total angular momentum ./:
I + S: L5/2, J: l3/2, J: ll/2 and J: Z - S: 9/2, respectively. As for the
Et'* ion the spin-orbit constant 2 is negative, the state J : l5l2 forms the ground
state. It is separated from the next higher state, with J : 1312, by about 800 meV.
Calculations are restricted to the isolated ground state with l6-fold degeneracy.
In the spin "/ formalism the Landé factor for splitting in a magnetic field is

st: | + LJ(J + 1) - L(L+ l) +.S(.S+ l)llzJ(J + l):675.

2.2 Crystal Field

Incorporated in a crystal the erbium ion is subject to the fields exerted by sur-
rounding host atoms. In the crystal field the l6-fold degeneracy of the -/: l5/2
spin-orbit level is lifted, the precise effect depending on strength and symme-
try of the crystal field. For a high-symmetry cubic surrounding the splitting
will be into three quartets and two doublets; for a low-symmetry field the maxi-
mum number of eight Kramers doublets will be obtained. Calculations of the
energy levels were performed for centers of cubic, trigonal, tetragonal and
orthorhombic symmetry. The crystal potentials are represented by their equiva-
lent spin operators offi"r. Crystal-field-induced splittings are of order of mag-
nitude of 50 meV.

2.3 Magnetic Field

The Zeeman splitting of about 0.1 meV induced in an EPR experiment in the
K-band (frequency, 23 GHz) is only a small perturbation on the states formed
after spin-orbit and crystal-field interactions. Energies of the J : 15/2 spin-orbit
ground state sublevels are calculated in the simultaneous presence of a crystal
field and a magnetic field. The energy of the Zeeman effect is calculated by
applying the operator e%^r: gtttsBJ. By the magnetic field the degeneracy in
the crystal-field quartet and doublet levels is lifted. By taking ps: I and a mag-
netic field of unit strength, lBl : 1, the effective g values are directly obtained
as the energy differences between levels. For example, in case of low symmetry

Ei: Ei* - Ei-, i: 1, ..., 8. Calculations are restricted to the low-field regime
with linear Zeeman splitting and consequently constant g values by proper scal-
ing of the crystal-field coefficient. To match existing experimental conditions in
the total spin Hamiltonian &: &", + &-r the proportionality coefficient 2",
included in the expression for effi", was usually given a value tr/"u: 1000. The
variation of this parameter V., over a wide range did have no effect on calcu-
lated g values. However, the computational scheme, in which only energies of
states are calculated, is of a general nature and allows larger fields to be ap-
plied and nonlinear effects to be calculated without modification. Calculations
have included centers from high cubic symmetry with isotropic EPR spectra and
scalar g values, centers of trigonal and tetragonal symmetry with axial tensors

I7
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with principal values g,, and g, and centers of the lower orthorhombic or mono-
clinic symmetry with three independent principal g values, gp gz and gr.

3 Cubic Symmetry

3.1 Energt

In case of cubic symmetry and f electrons the relevant crystal-field operators are

of fourth and sixth order in spin -/. The fourth-order operator is specified by

with

and

The linear combination

with
aftr - Vcre%ju

&"u - sin ae%"r41 Fo + cos ae%"u61 F6

4*-+Ot+sot

oi - *3sJ: -130J(J + l)- 2slJ: -6J(J +l) +3J2Q +t)2

( 1a)

(lb)

(lc)of - +(U2)(Ji + J!) .

The operator of sixth order is given by

fluu - +o3 -ztot, (2a)

with

o2 =+2314 -tosl3J(J +t)-7ll +U05J2(J +l)',- s2sJ(J +t)+2941J|

- sJ3(J + 1)3 + 40J2U + l)' - 60J(J +t) (2b)
and

- +(rt 4)IIIJ: - J(J + 1) - 381(/Í + J1)

+ (It 4)(Ji + J:)U|J: - J(J + 1) - 381 . (2c)

(3a)

(3b)

involving the two parameters V*and a, with ainthe range of -90" < a< *90",
represents the general case. To obtain more convenient values of parameters it
is customary to introduce the dividers Fq:60 and Fu: 13860 in Eq.(3b) [60-
621. Energy eigenvalues E of the Hamiltonian Eqs. (3) for I/*: *l in the ba-
sis set of 16 states ffir: -1512 to +15/2 are given in Fig. 2. For the doublet
f, the exact result is E : V"r(-40cosa * 294sina), for the f6 doublet E :
V"r(-3l2cosa - 26sina). Energies of the quartet states (fr),, i : l, 2 and 3,
are the numerically computed solutions of a cubic equation for each a. Except

ot
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Fig. 2. Crystal-field energies of doublets fu and f, and of quartets (Fr)u i = 1,2 and 3, in the
cubic case representing the eigenvalues of Eqs.(3) with Va= +1. Parameter a in the range of

-90o < a < 90" controls the mixing of the fourth- and sixth-order cubic crystal fields.

for the different choice of parameters the result is identical to the classical data
of Lea et al. [61]. The two parameter sets are related by V.rsina: IVx and,
V.rcosa: ltí/(l - lxl). Also, in accordance with more recent literature, the la-
bels fu and f, have been interchanged. On the basis of a point charge model a
positive value of 2"'. is expected. If so, inspection of Fig. 2 shows that the ground
state will be of doublet f, character for -90" < a< -40.4", of character f. for
-40.4" < a< +54.5o and f, for +54.5o < a< +90". For a substitutional site
of erbium, with a fourfold coordination of ligands, parameter a will be negative
and the ground state will be the fu or f, doublet. On an interstitial site, with
octahedrally coordinated neighbors and positive a, ground states of fu or f,
character are possible.

3.2 g Value

Splitting of the doublet states in a magnetic field can be described by an effec-
tive spin J : l/2 and labelling of the states as l+;. In the cubic field the conju-
gate wave functions of the doublets are expressed in the basis states lz.r) of the
J = l5/2 level by ZrcJmr). For fu one obtains, independent of parameter a,

I 
ru*) = * Qt zq..l 2jrlntt z) + Qt 2q.lr%ltst z)

- (1/8) Jlnl+zr/l - Qt24).6l+rtrz) . (4)

The splitting is isotropic with the effective g factor given by g : 2gr\rclm, =
3415. ln an equivalent way for f, the wave functions are
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Fig. 3. g values of doublet and quartet levels in cubic symmetry
in Eq. (6). Parameter a in the range of -90" 1 q < 90o controls

order contributions.

pertaining to the Hamiltonian given
the mixing of the fourth- and sixth-

I 
rr*) = * 0t 2q..h%lxtstz) + (l/8)J7 lxt tz)

+ (1/8)J:.:l+trzl + Qt24)Jnftorz\

and the isotropic effective g value is g : 6. From the values listed in Table I
for the semiconductors GaAs, ZnS, ZnSe, ZnTe and CdTe the experimental values
close to 6 indicate a f, ground state and the negative value of a confirms a

substitutional erbium position. In contrast, for erbium in CaF2, SrFr, BaFr, CdFr,
ThO, and CeO, a fu ground state is indicated by the g value. The small nega-
tive deviations of experimental values from the calculated numbers are discussed
in several papers and have been ascribed to admixture of the higher terms 2K,r,,

and 2L15p, admixture of f, state by the magnetic field and covalent delocaliza-
tion [3, 26, 30, 48, 63]. It may be concluded that the theoretical description
provides good agreement with experimental data. However, a precise value of
parameter a cannot be derived. For quartet states f, the splitting of the four levels
in a magnetic field can be described by effective spin -I : 3/2 and the cubic spin
Hamiltonian

a%: gpsBJ + upB(B.J: + ByJ; + B,J:).

(s)

(6)

Numerically calculated values for g and z for the three quartet levels are
given in Fig. 3. It can be observed that in the crystal field the coefficient z of
the cubic operator is not always small compared to the g value of the magnetic-
dipole Zeeman effect. For this reason the angular dependence of the anisotropic
resonance must be described by the general expression
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gx - +{+5g2 + 4lgu12+365u2116

+ [+(+16go + 160g3u + 582g2uz + 9l0gu3 + 828 luall6)

- (+ l44g3u + 864 g2u2 + l70lgu3 + 2205u4 12) sinz 0

+ (+l08g3u + 648g2u2 + 5l03gu3l4 + 66I5ualï)sina ?ltrzyrrz

The result applies to the usual measurement in which the magnetic field is
rotated in an (0ll) plane with the angle áto the [00] direction. Signs t refer
to the outer and inner doublets of the quartet system. The approximation valid
for u 11 g, leading to the familiar angular dependence following the function
p(0): | - 5sin20+ (15/4)sina0, breaks down [30, 62, 64, 65].

4 Trigonal and Tetragonal Symmetry

4.1 Energt

As can be noted in Table l, several erbium-related centers were found to have

axial symmetry. Their symmetry was either established as trigonal, with axis along
a (1ll) direction, tetragonal, with axis along (100), or the axis was left unspeci-
fied. In the trigonal case the leading crystal-field operator of second order is given
by

e%t _ - (rl 4)iJl + (Il4)iJ? + (Il4)(I-i)J.J, + (rl 4X1 - I)J,J*

+ (Il4)(1 + I)J _J , + (rl4)(1 + i)J,J _ (8)

contribution as well, thein the Cartesian coordinate system. Including a cubic
general crystal-field operator will be expressed by

2t

(7)

with

and with parameter B, in lhe range of -90o < B < +90", specifying the cubic
and trigonal components. A factor Fz:0.1 is included in the trigonal field term
to obtain better match of the two contributions in the J : l5l2 spin system. In
the trigonal field all orbital degeneracy is removed and the spectrum will con-
sist of eight doublet levels. For two selected cases of parameter a, a: -90o
and a: *30o, the energy eigenvalues of &** are shown in Fig.4a and b.
Treating the case of the tetragonal field in a similar way, the pertinent second-
order crystal-field operator is

a%r:V"rflut

ffi* - cos pa%" * sin pa%t lF2

a%*-+J: -(ll3)J(J +1)

(ea)

(eb)

( l0)



flute - cos B o,%" + sin p a%t"l F, ,

again with -90o < B s +90o. Energies of eight doublets as a
puted with V"r: + 1 for two values of a, a - -90o and a -

22

Combined with a cubic

with
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field the total crystal-field operator will be

e%r = V"reftute r (l la)

(l lb)

function of p com-
+ 30", are given in

500

t1512

t13t2 ..yr,

!512t1112 fl2
tet2 F 

ret6

t7t2 fr stn
t5l2
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t712
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t112

-60 -30 0 30 60 90
Parameter B (degree)

-60 -30 0 30 60
Parameter B (degree)

-60 -30 0 30 60
Parameter p (degree)

-90 -60 -30 0 30 60 90
Parameter B (degree)

500

!1512

t1st2 iyr,
t5t2

t11t2 !712

à fiz
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Fig. 4. Energies of eight doublets for fourth- or sixth-order cubic crystal field together with a second-

order trigonal or tetragonal crystal field, calculated from Eqs. (9) or (10) with f"r: *l for a

a: -90", trigonal; b a: *30o, trigonal; c a= -90", tefiagonal; d a= *30o, tetragonal. Parameter
p in the range of -90o < B < +90o controls the mixing of the cubic and axial crystal fields.
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Fig. 4c and d. For the limiting values F: !90" only the axial trigonal or tet-
ragonal field is present. In this field the states quantize as ll5/2, +z;), with the
quantization axis taken along the axial direction. The corresponding energies of
eff",n and eff"ur" are +210, + 190, +150, +90, +10, +90, +210 and T350, in
a way as can be verified in Fig. 4. For Vt: *1, as used to draw Fig. 4, the

lowest level forms the ground state in which magnetic resonance is observed. For
negative V* the roles of highest and lowest level interchange. Inspection of Figs.
2 and 4 reveals that the ground state can have f6, f, or f, symmetry type in
cubic field, and be of mr: +ll2 or +15/2 character in the pure axial situation.
It might be remarked here that among states ll5/2, +mt) only the doublet ll5/2,
+ll2]l will give an observable magnetic resonance transition. All other doublets
have gr:0, preventing the observation of spin resonance.

4.2 g Value

Splitting of the spin doublet levels in a magnetic field is expressed by their
Zeeman splitting or g factors. Effective g values for the parallel and perpen-

dicular directions in trigonal and tetragonal symmetry rvere computed by di-
agonalizaiion of the 16x16 matrices of the operator &"r+ &^, as a function
of the parameters a and B. In the computations as actually carried out param-

eter B was varied in the range of -90 to *90 degrees in steps of 0.1 degree,

for values of a spanning the same range in steps of 10 degrees. Reviewing
the results and observing the complex behavior of g tensor variations one must
conclude that a comprehensive and quantitatively accurate analytical treatment
of Zeeman effects for a spin system J : l5/2 in crystal fields is beyond fea-
sibility. To allow a direct comparison with experimental data as presented in
Fig. 1, in Fig. 5 the calculated perpendicular g value g, is plotted as a func-
tion of the calculated parallel value g,, for the same B. In an additional pre-
sentation of results, Fig. 6 shows the g'' and g. values in their dependence on
parameter B. In Figs. 4-6 the panels a correspond to trigonal centers with
a: -90o, b trigonal, a,: r30o, c tetragonal , d,: -90o, and d tetragonal,
d,: *30", selected for optimal illustration of the vast amount of data points
and the systematics in their behavior. In cases a and c, for B: 0 the ground
state is f, and the isotropic g value B: 6 is reproduced. For cases b and d
the ground state is fu with 8 : 6.8. It was shown by Lewis and Sabisky [63]
that for small axial perturbations the trace gu + 2gt of the g tensors will stay
constant. Inspection of Figs. 5 or 6 shows that the theoretical result is unam-
biguously confirmed for both fu and f, doublets, both upon trigonal or tet-
ragonal distortion with small B, and irrespective of parameter a characteizing
the cubic field. Not shown in the figures, the rule holds equally well if the
levels do not form the ground state. Considering next the range of large axial
distortions, for B: *90o and V*) O the ground state in the purely axial field
is ll5l2, ffir: !l/2). Exact g values for this state are derived &s Brr : I.2 and

lgrl : 9.6. From Fig. 6b for a: *30o it is concluded that 9,, and g_, have

23



24 C. A. J. Ammerlaan and I. de Maat-Gersdorf

:

.,j t cubic
,j ' tetragonal
-j ' axial

,j 9tt = 9r
ri

t..
'l rt

ri
ri

t.l 
,'

t.l 
,j

U

\j .r.

ii \ 
"""'! 

9tt + 291 =20'4
.," \ a "'.

jt V'lr,rr

9tt + 29r=18'0

0 2 4 6 I 101214 16182022 0 2 4
glt Value

Fig. 5. Plot of gr versus g, calculated for lowest-energy
b a: *30o, trigonal; c a- -90o, tetragonal;

6 8 101214 16182022
9tt Value

doublets for a a: -90o, trigonal;
d d: *30o, tetragonal.

10

6

o
f
o
)
-'4

the same sign, hence at P: *90" the trace g' + 2gr:20.4, equal to the trace
at the isotropic point f :0". For a- -90", Fig. 6a shows g,, to change sign
in the range from B:0" to f : I90", at around f : +47". Assuming g,, :
*1.2 ar Ê: *90", equal to the Landé factor g:6/5; it must be concluded
that g_, at B: +90o has the negative value of -9.6. As the sign escapes de-
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tection, the measured trace lg,,l + 2l8rl : 20.4 would easily lead to the erro-
neous conclusion that the state is fu related. At B: 0o, for the f, state in cubic
symmetry the g value must be -6, but, again, as the sign is not determined
in the standard experiment, the commonly reported value is positive. The cor-
responding traces are equal at both B points at -18. Also for tetragonal sym-
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Fig. 6. g Values of lowest-energy doublet states including grr, gr and trace 9., + 2gL as a function
of parameter pfor a a: -90o, trigonal; b a= *30o, trigonal; c a: -90", tetÍagonal; d a= *30o,
tetragonal. Parameter p in the range of -90" < P. *90o controls the mixing of the cubic and axial

crystal fields.
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metry as demonstrated by Figs. 5c, d, and 6c, d, the trace at / : * 90" is
exactly equal to its value at P: 0o. In the region in between a reduction is
calculated, but in several cases the trace remains remarkably constant. This is
especially true for the case illustrated by Figs. 5c and 6c. For this lowest level
in tetragonal symmetry and fourth-order cubic freld, a - -90o, the trace in the
whole range for B never falls more than 0.3oÁ below the value 18 for the f,
state. In no case a calculated trace exceeds the value 20.4. The great majority
of the experimental tensors, shown in Fig. I in the upper left part, have their
trace values slightly below the line g'; + 2gt:20.4. These data are well fit-
ted by the computed curves as shown in Figs. 5b and 6b for trigonal and Figs.
5d or 6d for tetragonal centers. It can be concluded that the calculations can
well account for the observed g values, thus confirming that they are properly
interpreted as due to the J: l5l2 spin system of erbium ions. In the results
as illustrated in Figs. 5 and 6 agreement is reached for a: *30o and p val-
ues near +20". It must, however, be emphasized that very similar calculated
results and consequently similar agreement is achieved for parameter a in the
range of -30 to *50", in which the fu level is ground state in cubic symme-
try. The data as given above for good agreement are therefore not unique. Just

o
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Fig. 7. Plot of gr versus g'rl calculated for lowest-energy doublet in tetragonal symmetry for para-
meter a - +80o.
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as for the cubic centers, a precise value of a cannot be determined by the
analysis. Good fits, though not as convincing and systematic, can also be found
in completely different ranges of parameters, e.g., for negative value of Z"*
Unfortunately this ambiguity, related to the complexity of interactions, does not
allow the above solutions to be presented as unique. In Fig. I also a few data
points are included for which grr ) gr. An illustration of their matching by the
crystal field calculation is given in Fig.7, which shows the g,, -versus-g, rela-
tion for the lowest level in tetragonal symmetry for a : + 80o. At the same
time Fig. 7 shows alternative interpretations of the data points in the upper-
left corner of the plot, underlining the necessity of care in conclusively select-
ing matching parameters. In summary, all experimental data points can be ac-
counted for in the calculations, with the exception of the tensors OEr-2 and
OEr-2' for centers in silicon [1]. Their identification as erbium related is there-
fore not supported by the present analysis.

5 Orthorhombic Symmetry

5.1 Energt

To explore the spectroscopic properties of low-symmetry centers the case of an
orthorhombic crystal field in addition to a tetragonal field was considered. In this
restriction to B: +90" a cubic field was left outside consideration. The second-
order operator corresponding to the orthorhombic field is written as

&o, - + (UqJiQ? + J?) (t2)

and is norÍnalized with
pression for the mixed

with

e%", : V"t&* o,

e%'r"or : cosy e%rc + siny e%'or.

respect to the tetragonal operator a%rc. The general ex-
tetragonal-orthorhombic field is

Variation of parameter y over the range of 0" < y < *.30o is sufficient to cover
all basically different fields. Energies of the eight doublet states obtained from
the diagonalization of Hamiltonian Eq. (13) are given in Fig. 8 as a function of
parameter y. It is noted that level crossings do not appear. For positive V", the
expected case, the level related to the state lJ : l5/2, ffit: !ll2) with the en-
ergy E : -21 &t y: 0o will always be the ground state. In case of small non-
axial distortion a perturbation treatment can be applied. It leads to the analytical
expression

(13a)

(13b)

E - 2,*. cos fl-21 - (44112)tg'fl ( 14)
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for the energy of the lowest state.

cally calculated curve but only up
turbed l* ttZ> state is found to be

This is in good agreement with the numeri-
to about 3o. The wave function of the per-

lr.t/2>' : lxt/2> - lttzlJx tsyl! s/2) - zJ-2ttsrlt 3/2> (15)

in a nonnormalized form. Similar expressions exist for the other z, values.

5.2 g Value

As before, the Zeeman effect is treated by diagonalization of the matrix (m'rletr" +
&^rlm'j). Principal values of the g tensor in the Cartesian x, !, z directions are

drawn in Fig. 9 for the level derived from mr: +l/2 in tetragonal axial symme-
try. Experimental data points for the OEr-l center observed in silicon are included
in Fig.9 U]. A good agreement can be noted for y= 1.2o, providing confirma-
tion for the assumed relation of the spectrum with the J: l5l2 of erbium. With
the wave function Eq. (15) for the ground state available, the Zeeman splitting
can be calculated by treating it as a small perturbation. On this basis the expres-

sions for the principal g tensor components are

g, = *gtftíJ1ctrzcrrz + 4J-l\ctrzcsrz + \cl,r) , (l6a)
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Fig. 9. Principal g values 9", g, and g, for a center with orthorhombic symmetry
parameter y for the ground state level. Experimental data points are for the erbium

spectrum Si-OEr-l from Carey et al. tll.

gy : *gt?íJ1ctrzcrrz + 4J-L\ctrzcsrz + 8cl,r) ,

g, : *gt(+3c1,, - c?r, - 5r?,r) .
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Inserting the wavefunction coefficients as following from Eq. (15) after their
normalization, and with g, : 6/5, one obtains

8 - 84.16 Ey + 420ts'y

o - .---r-1008.6)' óx 
5

as a function of
center in silicon,

(16b)

(l6c)

(17 a)

(17b)

(l7c)

the nonaxial distor-

- 8". By Eqs. (17)

1 + (3 7ll 4) tg'r

8 + 8al6 Ey + 420tg'y
q
ëy

1 + (3 7ll 4) tg'y

| - (8331 4) te2 r 
.

I + (37114)tg'y

It is seen from Fig. 9 that the most sensitive indication for
tion is given by the lifting of the gt degeneracy, i.e., by gy

this difference equals

J-t tgy

6
- r_.

xt- )

6
- r-.Y '5

6
- r_.

I

)

oó

oó

I + (3 7ll 4) tg'y
(18)
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With the experimental result for the Si-OEr-l center g/ - g,:7.15, its ypaÍam-
eter is determined as y: 1.2o.

6 Conclusions

Calculations have been performed of the electronic structure of the triply charged
erbium ion in its spin-orbit ground level with spin J: l5/2 when embedded as

an impurity in a host crystal. Calculations were carried out fully numerically. Em-
ploying a crystal field method the energy levels and wave functions were deter-
mined for the ion in Stark fields of cubic, trigonal, tetragonal and orthorhombic
symmetry created by the ligand ions of the crystal. The relative contributions
of the crystal fields of isotropic, axial and nonaxial symmetry are described by
mixing parameters a, B and 1 Also the principal components of g tensors for
the Zeeman splitting were calculated by applying a magnetic field in the appro-
priate directions. In previous theoretical determinations of g values, with ana-
lytical methods, exact results were restricted to the fu and f7 states in pure cubic
symmetry and the states l"I:1512, mr) in fields of pure axial character. In con-
kast, in the numerical calculations fields of arbitrary structure can be constructed
as the parameters a, B and y can be varied continuously over a range covering
all situations. Considering calculated results it is noted that the parallel principal
g value g,, in axial symmetry can change its sign upon variation of parameter

B, goveming the relative contributions of cubic and axial fields. Accepting a posi-
tive value for g,, in the purely axial situation of B: *90o, where the quantiza-
tion of spin states is more straightforward, a negative value for g appears in the
cubic situation. In particular, for the f, state of cubic symmetry the consistent g
value is found as g: -6. In experiment the absolute value g: 6 will be mea-
sured. From collected experimental data, obtained for a large number of varied
host crystals, the trace lg,, I + 2lg_rl of g tensors for the erbium-related resonances
was found often to be close to 20.4, i.e., the trace of the cubic center in the fu
state. An empirical rule of constant trace upon axial distortion with consequences
for the electronic origin of the impurity states can be based on this observation.
Such a rule has to be applied with care, however, as by taking signs into ac-
count the real trace can be different from the measured trace based on absolute
positive values. For instance, in case of axial symmetry, arealtrace of g, -l 2gr:
-18, based on 8rr : *1.2 and 8L: -9.6 and derived from f7, is measwed as

a trace of 20.4 and interpreted as having a lu origin. In rare cases only, nega-
tive g values have been concluded to for consistent analysis of experimental data,
such as for the Yb ion in KMgF, [66]. Because of a complex dependence of g
values on crystal field parameters a and B, with often wide and sudden varia-
tions, the comprehensive summary of results is hard to give. Nevertheless, it is
noted that over a wide range of a values, controlling the mixing of fourth- and
sixth-order cubic crystal fields, the trace of tensors remains remarkably constant
upon a distortion with positive Btowards the l-f : l5/2, mt: tl/2) doublet. This
accounts in an uncomplicated manner for the frequently observed tensors with
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trace near 20.4. One may conclude that the crystal-field approach provides a valid
description of the spin system. It is also to be noted that equal or very similar
g values are calculated over a range of parameters. For the cubic centers, the g
values g: 6 for f, and g: 6.8 for fu do not depend at all on parameter a.
For the axial case, different combinations of parameters a and B can give re-
sults not distinguishable by the experiments. Parameters a and B are therefore
not obtained from the analysis unambiguously or with great precision. Additional
information is required for full characterization. Such data are provided by stud-

ies of the flrrst excited state of the Stark splitting, such as the direct spectro-
scopic measurement of their Zeeman splitting, as reported, e.g., for the axial
erbium center in CaF,16, 471 and for tungstate and molybdate matrices l3l, 34,
37, 381. In addition, from the population of this level as a function of tempera-
ture the excitation energy can be derived via the associated Boltzmann factor [6].
Alternatively, the position of the first excited states has been determined from
the ground state resonance through the Orbach process of spin-lattice relaxation

U7,23,24,28,31, 38, 43,671. More direct and more complete data on the

position of the five to eight crystal-field split levels can come from optical spec-

troscopy in the form of structure in the photoluminescence spectra, but this re-
quires firm knowledge that the centers studied in both techniques are equal 122,
25, 29, 30, 47, 54, 55]. For the interpretation of results from optically detected

magnetic resonance and from optical Zeeman measurements calculations of the

same nature as presented in this paper have to be extended to include the J: l3/2
first optically excited state at around 800 meV. Other topics for future research

include the thorough investigation of centers of quartet l, character in cubic
symmetry and the systematic exploration of g tensors for low-symmetry centers

in their a, B and y freld of parameters.
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